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Abstract. Bcrcnd obtained necessary and sufficient conditions 
on a Z'"-action a on a torus T'' by toral automorphisms in order 
for every orbit be either finite or dense. One of these conditions is 
that on every common eigendirection of the Z''-action there is an 
element n € Z*" so that a" expands this direction. In this paper, 
we investigate what happens when this condition is removed; more 
generahy, we consider a partial orbit {a". a; : n S fi} where is a 
set of elements which acts in an approximately isometric way on 
a given set of eigendirections. This analysis is used in an essential 
way in the work of the author with E. Lindenstrauss classifying 
topological self-joinings of maximal Z''-actions on tori for r > 3. 
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1. Introduction 



1.1. Background. In the landmark paper ||Fur67|| , Furstenberg showed 
that any closed subset of T = M/Z which is invariant under both 
X (— )■ 2x and x t— 3x is either T itself or a finite collection of rational 



points. This theorem was extended by Berend [|Ber83|] to commutative 



semigroup actions on higher dimensional tori. A special case is the 
following: 

Theorem 1.1. ^ [Per83|| ) Let a he a faithful U' -action on T'^ = R'^/Z'^ 



by toral automorphisms given by a group embedding a : n i— )■ a" of Z^ 
into GL(d, Z) = Aut(T'^) satisfying the following three conditions: 

(1) r > 2; 

(2) 3n G Z^ such that a" is a totally irreducible toral automor- 
phism; 

(3) for any common eigenvector f G C"' of aill^, there exists n G 
TU such that .v\ > \v\. 

Then Vx G T*^, {a" .X : n G Z*"} is dense in T'^ unless x is rational. 

Here a toral automorphism G GL((i, Z) is said to be irreducible if 
there is no proper 0-invariant subtorus of positive dimension in T"^, and 
it is totally irreducible if any power 0^, 7^ is irreducible. 

The aim of this paper is to investigate what happens when the hy- 



perbolicity assumption (3) in Theorem |LT| fails. 

Our result is going to cover two situations. The first one simply deals 
with Z''-actions that don't satisfy assumption (3), i.e. there are one or 
several common eigenvectors whose norms are preserved by the group 
action. 

In the second more general setup, we take a Z^-action and fix several 
common eigenvectors Vi G C"', z G S. Instead of studying the full 7f- 
action. we only allow ourselves to apply those a"'s satisfying ^"^j"^ G 

(e~^,e^),Vi G S* to a point x G T'^ and ask how the resulting orbit 
distributes in T*^. This case is more delicate as typically the elements 
we apply do not form a subgroup of II . 

In Theorem |1.8| we will give an analogue to Theorem ^TT] in these 



situations with assumptions (1) and (2) properly reformulated. 

Another question surrounding Berend's theorem is what happens 
when the action is no longer irreducible. In particular, it is interesting 
to investigate the diagonal action a/\ : 71' r> T'^ x T'^ by a, where 
a".(x,y) = (a".x,a".y), and ask what the orbit closures are. In a 
forthcoming joint paper [ [LW1CI|| with E.Lindenstrauss, we give a clas- 



sification of orbit closures when r > 3 and the action a is Cartan. 
Theorem 11.81 is used key lemma in ||LW1CI|| . 
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Before going further we give a more explicit form of the group actions 
described in Theorem \L.1\ 

1.2. Number-theoretical description of the group action. The 

irreducibility assumption on a has a number-theoretical interpretation. 

Consider a number field K of degree d. Suppose K has ri real 
embeddings ■ ■ ■ , 0",.^ and r2 conjugate pairs of complex embeddings 

(cTri+l, (Jri+ra+l), (c'"ri+2, C'"ri+r2+2), (Cri+ra ; Crri+2r2 ) ! then Ti + 2r2 = 

d and the group of units Uk has rank ri + r2 — 1. Recall K M = 
© C^^ where the embedding of K into © C^^ is given by 

(1.1) 

acts multiphcatively on K ©q R by 6'.(/i © x) = 6'/i © x, V6',/i G 
i^T, a; G M; or equivalently, on © by 

6'.(a;i,--- ,Xr^+r2)= {cri{6)xi,- ■ ■ , ar^+r2iS)xr,+r2) ■ (1-2) 

This multiplicative action is compatible with a in the sense that 

9.a{fi) = a{9fx),yt,s e K. (1.3) 

The following result makes the translation from the T*^ setting to a 
number-theoretical one. It is a special case of a more general fact, for 
which we refer to Schmidt ||Sch95| , §7 & §29] and Einsiedler-Lind |[EL04|| 
(see also Einsiedler-Lindenstrauss [[EL03| , Prop. 2.1]). 

Proposition 1.2 (cf. e.g. ||Waniq , Prop. 2.13]). Let a : Z'' ^ GL(rf,Z) 
be a W -action on T'^ such that a{II) contains an irreducible toral au- 
tomorphism. Then there are 

• a number field K of degree d with ri real embeddings o"i ■ ■ ■ , 
and r2 conjugate pairs of complex embeddings (dri+i, o"ri+r-2+i); 
((7^1+2, crri+r-2+2), ■ ■ ■ ; (crri+r2, CFd) vjhcrc Ti 2r2 = d; 

• a common eigenbasis in with respect to which Vn G Z^, a" 
can be diagonalized as diag (C", C"? " " " ? C") where C", ■ ■ ■ , C " G 
M; C+i, ■■■,QeCand C%,. = CW^' Vj = 1, ■ ■ ■ , r^; 

• a group embedding C : n i— o/Z^ into the group of units Uk', 

• a cocompact lattice T in W"" © C^^ that is contained in (y{K), 
where a is given in ( li. 

such that: 

•C" = ^.(C"),V^G{l,■■■,4,VnGZ^• 

• Vn G Z^, multiplication by on ©C^^ as in (L2_ ) preserves 
r, hence induces an action on (W"^ © C^^)/r by 



C".(x mod P) = (C".x mod P), Vx G W © C 



>"2. 
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• the action a on T'^ is algebraically conjugate to the multiplicative 
action oj'V r\ (IR'"^ © C^)/r via (, i.e. there is a continuous 
group isomorphism ip : T'^ ^ {MJ"^ © C'^^)/r such that .x = 
^-nC"-^(a;)), Vn e Z^Vx G T'^. 

Remark 1.3. For n G Z^', a" is an irreducible toral automorphism if 
and only if doesn't belong to any non-trivial proper subfield of K . 
This is simply because C,f is an eigenvalue of a"-. In particular, a" is 
totally irreducible if and only if (C")^ ^ L for all non-trivial proper 
subfield L of K and k eN. 

1.3. Notations. Throughout the rest of paper we consider a Z''-action 



a as in Proposition |1.2| . We will write G for the acting group Z^, and 



let K, T, ip and ( be as in Proposition |L2. 
Write J = {1, ■ ■ ■ , ri + r2}. 

For 1 < z < ri, let Vi be the i-th copy of M in W © C''^; while for 
Ti < i < ri + r2, let Vi be the — ri)-th copy of C. Then © C'^ 
rewrites ^^^jVi. We write 

X = {W^ © e^)/r = (0 V^/T, (1.4) 

and let vr be the canonical projection from © to X. X is a 
compact abelian group. 

Moreover, as '0 is a continuous group morphism from T'^ = /7/ 
to X. It can be easily seen that it lifts to a non-degenerate real linear 
map from to iW'^ such that ^^(Z^) = F and a'^.x = 

{x)),Wn e Z^Vx e R'^. 

The pushforward of the usual Euclidean distance by vr induces a 
Riemannian metric on X and makes X a locally Euclidean metric space. 
With this metric, the distance from a point x to the origin in X is 
given by 

||x|| = min \x\, (1-5) 

tt{x)=x 

where |x| = (Xlie/ 1^*1^)^' ^« denoting the Vi coordinate of x. The 
distance between x,x' E X is just \\x — x'\\. 

For X E X and D G G, write D.x = {(^.x : n G D}. 

Definition 1.4. For a real linear subspace V of © C^, a j>omi 
z E X is a V-translated torsion point if there are a torsion point 
x^: E X and a vector v E V such that x = x^, + v. 

A \^-disc centered at a torsion point in X is a set of the form 
{x* + V : V E V, \ v\ < R} where x^ is a given torsion point and R is a 
given radius. 
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Definition 1.5. Fori G /, the i-th Lyapunov functional Aj : Z** i— )■ 

M is given by 

A,(n)=log|Cri- (1.6) 

Moreover, define fii:U ^ M/27rZ hy 

A(n)=argCr. (1.7) 

Remark 1.6. It is not hard to see Aj and /3i are group morphisms. In 
particular, Aj extends uniquely to a linear map from (W)* , which we 
still denote by Aj. 

In addition, though /5j is defined for all i & I, when i < ri it only 
takes value from {0, vr} modulo 2-7rZ. 

Write for the distance from /3 G M/27rZ to the trivial element 0. 

1.4. Non-hyperbolic foliations. The hyperbolicity condition (3) in 
Theorem |1.1| is actually equivalent to assuming for alH G / that Aj is 
not the zero map from [W)* . 

In this paper, we try to assume less hyperbolicity than [|Ber83|] did. 
One way is to allow the zero map to appear as Lyapunov functionals. 
This gives an "isometric subspace" 

Visom= V, (1.8) 
jG/:A,=0 

that is invariant under the multiplicative action ( and cannot be ex- 
panded or contracted by any element as |Cf | = l,Vn whenever Aj = 0. 

Another way to lose hyperbolicity is to pose extra restrictions on 
which group elements from the action that one may apply. More pre- 
cisely the question is: given S (Z I, for a generic x G T"' and e > 0, is 
the partial orbit {a". a; : n G Z*" s.t. |Aj| < e, Vz G S*} dense in T'^? 

In fact we will consider even smaller truncations of Z'^' as in the next 
definition. 

Definition 1.7. If S G I , e > and a + H is a coset of some subgroup 
H < G, the e-slice oi a + H with respect to S is 

H^s = {nea + H : |Ai(n)| < e, Vz G 5 and ||/3j(n)|| < e, Vj G /}. 

(1.9) 

When a + H is H itself, simply write H^ s for H^g. 
a + H is said to be compatible with S if H^g ^ 0, for all e > 0. 

Remark ife,5 contains the identity hence H itself is always compat- 
ible. In particular, one wishes to understand the action of the non- 
empty set 

G,,s = {n G Z" : |Ai(n)| < e,Vi G S and ||/3j(n)|| < e,Vj G /}. (1.10) 
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We emphasize that Ge,5, and H^ s in general, usually don't form a 
subgroup oi G = 17 



1.5. The main result. The following theorem is the main result of 
this paper. 

Theorem 1.8. Let a he a H-action on T'' by toral automorphisms. 
Assume that a" is irreducible for at least one n G Z*" , hence the nota- 
tions from % \1.3[ are applicable. For any subset S G I, let Ls C {W')* be 
the "K-span of the set {\j : ] G S] (or Ls = {0} tfS = (D). Let (S) D S 
be the set of all i E I such that Aj G Ls. Denote V(s) = 0jg(5) Vi. 
Assume further that 

(1) dimLs < r - 2; 

(2) Ve > 0, 3n G such that a" is a totally irreducible toral 
automorphism and |Aj(n)| < e,Vz G S. 

Then for any e > 0, a point x G X satisfies that 

{C.x : n G Z*" s.t. |Ai(n)| < e,Vi G S} is dense in X (1.11) 

if and only if x is not a Vi^s)-'^™''^slated torsion point. Equivalently, 
Ve > 0, y G 

: n G Z*" s.t. |Ai(n)| < e,Vi G S} is dense in T'^ (1.12) 

if and only if y can not be written as y^ + v, where y^ gT'^ is a rational 
point and v G Tp'^iVi^s))- 



Recall i}) is the lift of il) described in §1.3| . 

The restricted dynamics studied here are special cases of non-expansive 
subdynamics of Z'^-actions defined and investigated by Boyle and Lind 

Remark 1.9. In the special case 5 = 0, the set is just the 

full orbit G.x for all e > and the theorem studies exactly the same 
situation as in Theorem Ll_ except that assumption (3) is removed. 
In this case Vi^s) is exactly the isometric subspaces Visom defined in 
Moreover the subspace ip'^iVi^s)) = "^""^(^som) can be defined as 
{veR'^:3C> 0,C->| < la'^.vl < C\v\}. 



Instead of Theorem |1.8| , we will prove the following slightly stronger 
statement: 

Theorem 1.10. Suppose S G I satisfies both conditions (1) and (2) 
in Theorem |i.<^ . Then for any point x G X we have the following 
dichotomy: 

(i) Ifx is not a V(^s)-'t™nslated torsion point, then CI^^q G^^s-^ = ^ ■ 
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(ii) Otherwise f]^^QGe,s-x is a finite set of V(^s)-'^™''^slated torsion 
points. 

The spirit of the argument is that though usually not a subgroup, 
the subset G^^s looks like an abelian group of rank r — dim L5. As this 
rank is at least 2 by assumption, techniques from [|Ber83[| still apply. 



1.6. Necessity of total irreducibility. 

Remark 1.11. Assumption (2) in the theorem is necessary. In fact 
one can construct a U'-action a by toral automorphisms together with 
a set S G I that meet all the other requirements in Theorem \l.di , and 
a number eo > such that: 

(2') 3n such that |Aj(n)| < eo, Vz G S and a" is totally irreducible; 
{-k) 3x E X such that x is not a V(^s)-i™'>T'Slated torsion point but 
the subset 

{C.x : n G s.t. |Ai(n)| < eo,Vz G S} (1.13) 
is not dense in X either. 

A counterexample can be constructed in the follows way. The idea 
is that if the irreducibility assumption is not strong enough, then when 
one gets rid of hyperbolicity, irreducibility may be lost as well. 

Let 

(1,14) 

and K be the octic number field Q{6). It is easy to check that deg K = 
8, and K has two real embeddings (Ti,cr2, as well as three pairs of 
conjugate imaginary embeddings (cTj, crj+5), where i = 2, 3, 4. Moreover, 

a^{e) = y/v^M _ 1 _ 1 and a2{0) = -y^^%^ - 1 - 1. ^ is an 
algebraic unit as it solves the polynomial 6^ + 86*^ + 326*^ + 80^^ + 
132^^ + 144^3 ^ QQ02 ^32^ + 1. It is not hard to check ^ is not a 
root of unity for all i ^ j and it follows that for any k E N and any 
proper subfield L C K, 9^ ^ L. 

K contains a totally real quartic subfield F = Q(v^, v^). Re- 
mark (Ti|i? = o"2|_F. By Dirichlet's Unit Theorem, rank(t//^) = 4 and 
rank([/ p) = 3. y/E — \/2, y/2 — 1 and ^'^^ form a set of fundamental 
units of F] furthermore, together with 6, they give a system of funda- 
mental units of as ^ is not a root of unity. Define a group embedding 
( : Uk hy setting 

^ei _ _ ^ _ = V2-1, C = (1.15) 
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where ei, ■ ■ ■ , 64 is a basis of Z^. As explained earlier, ( defines natu- 
rally a multiplicative Z'^-action on X = (R^ ©C'^)/(t((9/^) where Ok is 
the ring of integers in K and a is the canonical embedding of K into 
© given by ( |1.1| ). By choosing an arbitrary Z-basis of Ok, we 
can easily identify X with and get a conjugate Z''-action a by toral 
automorphisms as in Proposition |1.2| . 

Let S = {l,2}0ne may explicitly compute the Lyapunov exponent 
Aj(n) for each i from I = {I,-- - ,5} and verify that Ai and A2 are 
not proportional, and none of A3, A4, A5 is inside the linear span Ls 
of Ai, A2. Hence (S) = S and dimL5 = 2. So the condition (1) from 
Theorem |1.8| is satisfied as r = 4 in this case. 

Note \ai{9)\ ^ \a2i9)\, hence 

Ai(ei) - A2(ei) = log \ai{e)\ - log MO)] ^ 0. (1.16) 

Take eo > max ( log |cri(^)|, log |cr2(^)|) • Then ei satisfies |Ai(ei)| < cq 
for both i = 1,2. By Remark |l]3|, the fact that {C^f = 9^ does not 
belong to any proper subfield of K implies a*^^ is a totally irreducible 
automorphism on T^. Therefore we verified the condition (2') in Re- 
mark |1.11| . 

Last, we are going to establish the claim {-k). Consider all n G Z^ 
such that 

|Ai(n)| <eo,z = 1,2, (1.17) 

write n = aei + n' where a G Z and n' G Ze2 © Zes © Ze4. It follows 
that C" e Up. Since ai and a2 coincide on F, we see Ai(n') = A2(n'). 
Thus Ai(n) — A2(n) = Ai(aei) — A2(aei) = a(Ai(ei) — A2(ei)) and it 

Hence a can 



2eo 



Ai(ei)-A2(ei) 



follows from (|1.17|) that |a| is bounded by 

take only finitely many values. 

Remark that under the natural projection vr from M? © to X, 
the 4-dimensional real subspace cr(F) C © C"^ has a closed image 
-7r((T(F)) = (t{F) / (t{Of), which is a 4-dimensional subtorus in the 8- 
dimensional twisted torus X, which we denote by y. As Up preserves 
F under multiplication, the restriction of the action by Uk on X to 
Up stabilizes Y. In particular C' ^ = Y. Hence C.Y = ('^ei^^'.y = 
^aei y_ Notc for cach fixed a, ("-^^.Y is a 4-dimensional subtorus of 
X. Because under the assumption ( |1.17| ), there are only finitely many 
choices of a, for any x G F the set ( p..l3| ) is contained in a finite union 
of 4-dimensional subtori and hence cannot be dense in X. But it is not 
hard to show that since V(5) = is a proper 2-dimensional subspace 
of © in this case, not every x G F can be represented as a V(^s)- 
translated torsion point. This produces a counterexample as described 
in Remark |1.11| . 
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2. {H, S*) -INVARIANT SETS 

In order to show Theorem p..lO| it is necessary to have some extra for- 
mulations, mainly to overcome the obstacle that a typical Ge,5 doesn't 
form a group. 

Definition 2.1. For S G I and a subgroup H < G, a dosed subset A 
of X is said to be {H, S)-invariant if for all x E A, \^^^qH^^s-x C A. 

2.1. Relation to Katok and Spatzier's suspension construction. 

The (if, 5')-invariant sets in this paper are introduced in the spirit of 
subdynamics along foliations defined by Boyle-Lind ||BL97|| . They are 



also inspired by, and closely related to, the suspension construction of 
Katok and Spatzier. 

Given a Z''-action p on a space iV, sometimes it is desirable to pass 
to an R''-action. For this purpose, in |[KS96|| Katok and Spatzier in- 
troduced a suspension space N = (W x N^jU ^ where the quotient is 
defined by the following Z''-action on W x A^: 

n.(r/,x) = (r/-n,p(n).x), Vn G Z^V(r/,x) gW ^ N . (2.1) 



For all r] gW and x G N, denote by (77, x) the equivalence class from 
A/" that contains {rj,x). 

Note that the additive action W W x N given by ri'.{ri,x) = 
(?7 + fj'jx) commute with the quotient structure and induces an Re- 
action on Af, which is denoted by p. 

The space has a natural fiber structure over T*" = W fZ"^, where 
the fiber above the equivalent class f/ = 77 -|- is {(77, x) : x E 
and is homeomorphic to N. For t] E W and x E X, suppose O is the 
orbit of (0, x) under the M'^'-action p, then its intersection with the fiber 
above fj writes {{ri,y) : 3n G 'Z'^,y = p{n).x}. In particular for any 
p-orbit O C A/", the intersection of O with any fiber, which we identify 
with A^, is an orbit of the Z^-action p. Moreover, since O is p-invariant, 
its intersections with different fibers are homeomorphic to each other. 
Hence by classifying p-orbits in A/", one also classifies p-orbits in A^. 

In our case, let = X and p be the multiplicative Z''-action (, and 
construct the suspension system {X, () in the above way. It follows 



from Berend's Theorem 1.1 and previous discussion that the ^-orbit of 



any point (77, x) E X in X unless x is not a torsion point in X. 
Definition 2.2. For any subset S G I , define a hyperplane 



(2.2) 
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Notice Ps = Lg and Ls = -P5 where Ls C (W)* is defined in the 



statement of Theorem |1.8|. By assumption (1) in Theorem |1.8|, 



dim Ps = r- dim Ls > 2. (2.3) 



In Theorem |1.8| we study the partial orbit of a point x E X under 
the action of all elements from Z** that are very close to the hyperplane 
Ps C W. This is linked to the partial orbit 0^{Ps, (0,x)) of (0,x) G X 
under the restriction of the action ( to Ps C W . Actually, it is possible 
to show that Theorem |1.8| is equivalent the claim that 0^(^Ps, (0,x)) 



is dense in X unless x is a V(5')-translated torsion point. 

Theorem p..lO| is more precise than Theorem |1.8| and corresponds 
to a slightly more complicated kind of suspension systems that takes 
complex conjugates into account. 

Let act on the space W x (M/27rZ)'"i+''2 x X by 

n.(r/,w,x) = (r]-n,uj- (/3,(n)) .g^, C".x) , (2.4) 

which induces a compact quotient {W x (M/27rZ)^i+^2 x X)/Z'' that 
we denote by X°. For {r],u,x) eWx (M/27rZ)'^i+^2 x X, denote by 
{rj,u,x) its projection in X°. 
Remark that 

fi = {(n,(/3,(n))^.^^) :nGZ'^} (2.5) 

is a discrete cocompact subgroup in W x (M/27rZ)''^+^2_ Note the quo- 
tient {W X (M/27rZ)''i+^2)/fi is isomorphic to For {r],u) G 
W X (M/27rZ)''i+^2 ^ let (r/,w) be its projection in (M*" x {R/27iZY^+''^)/n. 

Then X° fibers naturally over {W x (R/27rZY^+''^)/Q and each fiber 
being a copy of X. 

The group W x (M/27rZ)''i+''2 acts naturally on W x (M/27rZ)'^i+''2 xX 
by translation on the first two factors. Remark this action commutes 



with the Z''-action |2.4| , hence passes to a W x (M/27rZ)^^"'"''^-action 
on the quotient space X°, which we still denote by ( without causing 
ambiguity. 

The group H^^s consists of elements n G such that (n, (/3-, (n))jg/) 
is sufficiently close to the subgroup Ps x {0} of W x {R/27iZy^+''\ 
Then the set f]^ H^^s-x is closely related to the restriction of the action 
C to Ps X {0}. In fact, if 0^{Ps x {0}, (0,0, x)) denotes the orbit of 

(0, 0, x) G X° under the restriction of ( to the subgroup Ps x {0}, then 
one can show that the intersection between its closure and the fiber 
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above (77, u) is exactly 

{{r],u,y):yef]G:jl^}. (2.6) 



e>0 



Thus another way to formulate Theorem |1.1CI| is that 



0^(^Ps X {0}, (0, 0, x)] is dense in X° unless x is a V(^s) -translated 
torsion point. 

It should be emphasized that though the results in this paper are 
proved using (iJ, S')-invariant sets, they can also obtained by studying 
the suspension systems described above. 

2.2. Basic properties of invariant sets. Despite the fact that the 
(iJ, 5')-invariant sets are defined using the -ffe,s's which are not groups 
in general, to some extent they have similar properties to invariant sets 
under group actions. 

Lemma 2.3. (i) Suppose H < G and two cosets a + H, t + H are 
both compatible with S , then so is a + t -\- H ; 
(it) Vx G X, Ve > 0, HlsUl^ C H:+Is.x. 

Proof, (i) It suffices to show for any e, 5 > 0, H^^lg is non-empty. By 
assumption both H^g and ifj^ are non-empty, from which we respec- 
tively take elements m and n. Then m + n G a + r + i/ as m G a + H, 
n & T + H . Furthermore by Definition |1.7| , 

|Ai(m + n)| < |A,(m)| + |A,(n)| < e + 5,Vi G S; (2.7) 

and 

|/3,(m + n)| < |/3,(m)| + |/3,(n)| < e + 5,Vj G /. (2.8) 
Hence m + n G H^^^^- 



(ii) It is enough to prove for all n G g that Q^.H" g.x C H\ 



fJ+T 

VS,S 



.X. 



Since is a continuous map, it suffices to show ('^.{H^g.x) C H^^lg.x. 
However by the proof of part (i), for any m G H^g, m + n G H^^^^; 
which completes the proof. □ 

Corollary 2.4. Suppose H < H < G and H is of finite index in H , 
then the cosets {a + H : a E H s.t. a + H is compatible with S} form 
a subgroup of H/H. 

Proof. By Lemma, the family of such cosets is stable under addition 
and contains the trivial element in the finite additive group H/H, hence 
is a subgroup. □ 
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Corollary 2.5. (i) Suppose two coset a + H , t + H are both compatible 
with S, then for all y G {^^^^Hl^.x, {^^^^Hl^.y C {^^^^ H"^^^ .x ; 

(ii) If a + H is compatible with S, then Vx G X , the closed set 
f]^^QH^g.x is non-empty and {H, S) -invariant. 



In particular, f]^^^ H^ s-x always contains x and is (i/, S')-invariant, 
which is analogous to the fact that orbit closures are invariant in the 
setting of group actions. 

Proof, (i) By Lemma p.3| .(ii), 



fl Hls-y C n ^Is-Hls-^ C fl if^^^.x = fl Hir.x. (2.9) 

e>0 e>0 e>0 e>0 

(ii) Invariance follows from part (i) by taking r = 0. Since a + H 
is compatible with H^^.x is non-empty for all e, by compactness of 
X, the limit ne>o ^es-^ non-empty. □ 



Remark 2.6. Clearly f]^^^ H^ s-^ "is the smallest {H, S)-invariant closed 
set containing x. Moreover it is not hard to see that x' C Cl^^o^eS-^ 
if and only if there is a sequence {iik}'^^-^ such that G H^^ ^ where 
efc — > 0, such that limfc_>.oo ("'''■^ = ^' ■ 

The next property is that the family of invariant sets is stable under 
addition and subtraction. 

Lemma 2.7. Suppose two closed sets A and B are both {H, S)-invariant, 
then so are A + B = {x + y : x & A,y E B} and A — B = {x — y: xE 
A,yeB}. 

Proof. Suppose z = x + yEA + B where x E A, y E B. Take 
z' G f]^^Q H^^s-z, then by Remark there is a sequence — )■ 



and elements G H^^^ s such that limfc_i.oo C"*"-^ = As X is com- 
pact, by passing to a subsequence we may assume hmfc^.oo C"*" = ^' 
and limfc_5.oo C"*"-?/ = u'^ which belong respectively to f]^^QH^^s-x and 
n,>o^e,5-|/- Hence x' e A, y' e B and z' = x' + y' e A + B. So A + B 
is invariant. The proof for A — B goes the same. □ 

The next lemma allows us to talk about "finitely generated" invariant 
sets. 

Lemma 2.8. For a finite set of points Xi, ■ ■ ■ ,xn G X the closed set 
f]H;jTi + ■■■ + [] H.^s.XN (2.10) 

e>0 e>0 

is {H, S) -invariant. Moreover, 



RIGIDITY OF COMMUTATIVE NON-HYPERBOLIC ACTIONS 



13 



(i) The set (\2.1(\) is equal to ^^^^{H^^s-Xi + ■ ■ ■ + H^^s-^n) 



(a) Hs,s-{H^^s-Xi H h H^^s-Xn) C H^+s,s-Xi H h H^+s,s-Xn for 

all e > 0. 

Proof. The invariance follows from the previous lemma. 



It is clear that ( |2.1CI| ) C {^^^^{H^^s-Xi + ■ ■ ■ + H^^s-Xn)', while the 
proof of the other direction of part (i) is basically the same as that of 
the previous lemma. 



Part (ii) is an immediate corollary to Lemma [273 -(ii)- D 



2.3. Minimal invariant sets. It is easy to see that {H, S')-invariant 
closed sets satisfy the descending chain condition: ii Ai D A2 D ■ ■ ■ is 
a sequence of decreasing non-empty {H, S')-invariant closed sets, then 
the limit set A = is also non-empty and {H, S')-invariant. 

Therefore it follows directly from Zorn's Lemma that it makes sense to 
talk about minimal invariant closed sets: 

Lemma 2.9. For a subgroup H < G and S G I, any non-empty 
{H , S) -invariant closed set A contains a minimal {H, S) -invariant 
closed set M, i.e. M is non-empty and [H, S) -invariant, and has no 
non-empty proper closed subset which is also {H, S) -invariant. 

Proof. Apply Zorn's Lemma. □ 

For a minimal set M, any point a; G M "generates" M. 

Lemma 2.10. Let M be a minimal {H, S) -invariant closed set, then 
for all xeM, f]^^^H,^s-x = M. 



Proof. By definition of (iJ, 5')-invariant closed sets, ne>o He,s-x C M. 
By the remark following Corollary |2.5| , ne>o ^t,s-x is non-empty and 
{H, 5')-invariant. So M cannot be minimal unless ne>o ^e,s-x = M . 

□ 

Let H < H < G he two subgroups such that \H/H\ < 00. An 
[H, S')-invariant closed set is necessarily [H, 5) -invariant; however it is 
not obvious whether a minimal {H, S')-invariant closed set should also 
be minimal in [H, S')-sense. The following result gives a relationship 
between these two classes of minimal invariant sets. 

Proposition 2.11. Let H < H < G with \H/H\ < 00 and M C X be a 

minimal {H, S) -invariant closed set. Denote by N the number of cosets 
from H/H that are compatible with S. Then there exist N minimal 
{H, S) -invariant closed subsets Mi, ■ ■ ■ , C M whose union is M. 
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Proof. Write the N compatible cosets as ai + H, ■ ■ ■ ,aN + H where 
ai = 0. 

Step 1. First of all, we claim that 

N 



y Pi Hl"s-x = M, ^xeM (2.11) 



n=l e>0 



Actually for any x G M, by Lemma |2.1U| ne>o He,s-x = M . Since 
Vn, ne>o ^es-^ C\e>o ^^,3-^: the left-hand side in ( p.ll| ) is contained 
in M. So it suffices to show \J^^^ floo ^Is-^ ^ ^• 

As ife,5 = [Jn=i ^es^ H^^s-X is equal to the finite union IJ^Li ^""s-^ 
hence by finiteness He,s-x = [Jn=i ^es-^- 

N 



So for all 2 e M = n,>o He,s-x = r\e>o U„=i H^s-^ and all k e N, 
there exists Uk G {1, ■ ■ ■ , N} such that z E H^Z^ ^.x. Thus there is 
a subsequence /c/ — )■ oo such that all the n^, 's are the same, denoted 
by n{z). Hence z G V/. Since H^'^^'^Kx is decreasing as e 

decreases, z is in the limit set {^^^^ H^^g^'Kx . Since 2; G M is chosen 
arbitrarily, this proves IJ^=i ne>o -^e'^S-^ ^ ( P-ll| ) holds. 

Step 2. Denote by m < the largest number such that there are 
(if, 5')-invariant closed subsets fii, ■ ■ ■ ,VLn of M that satisfy the fol- 
lowing three conditions: 

• At least m of the f2„'s are minimal (if, S')-invariant sets; (2.12) 

Uli^n = M; (2.13) 

• 3/, 3a; G Vti s.t. Vn, = n,>o K"s~"'-^- (2-14) 

To obtain the proposition, one needs to show m = N. We show first 
m > 1. 

Since M is {H, S')-invariant, hence {H, 5')-invariant as well. By 
Lemma |2.9| there is a minimal {H, S')-invariant closed set Qi C M. 
Take an arbitrary point x G then by Lemma ^.10| , floo He,s-x = ^i- 
Take / = 1 and set Qn = floo ^e"s-^i which doesn't change the meaning 
of Vti] this establishes (|2.14|) . Then by Corollary 2^, fii, ■ ■ ■ , l^^v are 
all non-empty (if, 5')-invariant closed sets. ( p.l3|) follows from ( p.ll|) . 
As VLi is minimal, we see m > 1. 



Step 3. We now prove m = N. 
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Suppose m < N. Then among the corresponding {H, S')-invariant 
sets fii,--- ,^N, there is at least one which is not minimal. By 
Lemma pl9| we may take a minimal {H, S')-invariant closed subset fi'^ C 
Qk- Pick x' G Q'j. then by Lemma |2.10| , ne>o — ^'k- accor- 

dance with (|2.14D, define 



= n Ks'^'-^'y^ e {1, ■ ■ ■ (2.15) 



e>0 



Remark this doesn't change the definition of Q'j.. 

Since x' & Qk = f]e>o ^e's'"^ -^i '^^ follows from Corollary p.5| .(i) that 



C fl if = Pi H'^^lf'^'-X = ^n- (2.16) 



e>0 e>0 



On the other hand, by Corollary |2.5| .(ii), all the f^^'s are non-empty 
and (iJ, 5) -invariant. By Corollary |2.4| , cr„ — cr^ + runs through 
cTi + iJ, ■ ■ ■ , aN + H as n varies, so 



N N 



n=l n=l e>0 



where the second equality follows from ( |2.11| ). Thus the ^^^'s verify 

(EH)- 

For those n such that VLn is a minimal (if, S')-invariant closed set, 
by minimality VL'^ is equal to f2„ hence is still minimal. However the 
minimal set VL'^ is not one of these. Therefore there are at least m -|- 1 
minimal sets among the f2^'s, which contradicts the maximality of m. 
Hence m = N, this completes the proof of proposition. □ 



3. Sets that accumulate at a V(s') -translated torsion 

POINT 



From now on let a, (, X, S, {S) and V(^s) be as in Theorem ^]8| and 
if be a subgroup of finite index in G = Z''. 

Definition 3.1. For a real subspace V o/MJ"^ © C^, we say a closed 
subset Q G X contains a ^-pattern if there is a sequence of points 
{^fcjfcLi C converging to a V -translated torsion point z G such 
that Zk — z for all k. 

Here and from now on in similar situations, the difference Zk — z is 
viewed as a vector in © whose length tends to as /c ^ cx), as 
X is locally isomorphic to MJ"^ © . 
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Throughout this section we consider a "finitely generated" (if, S)- 
invariant set 

A=f^H:jTi + --- + f]H:jJicX, (3.1) 

e>0 e>0 



whose invariance follows from Corollary 2]5| and Lemma |2]^. By Lemma 
A = n,>o A where 



A, = H,^s-xi + ■■■ + H,^s-xi. (3.2) 

Furthermore, i^e-eoS-^eo C A^ for all e > eo > 0. 

The rest of Section ^ will be devoted to the proof of the following 
proposition. 

Proposition 3.2. Let A and A^ he as above. If A^^ contains a V(^s)- 
pattern for some e^, then A^ = X for all e > Cq. In particular, if A^ 
contains a V(^s)-p(ittern for all positive e, then A^ = X, for all e > 
and thus A = X as well. 

3.1. Orbits of V(5) -translated torsion points. To begin with, we 
remark the "only if" part of Theorem |1.8| is not difficult to see. 

Actually, suppose x = + v where x* G X is a torsion point and 
V e V(5). Then the orbit G.x^, is a finite set of torsion points (because 
qx' = for any point x' G G.x^ where q denotes the order of Xj, and 
there are only finitely many torsion points of order q in X). 

By definition of {S), there are constants Cjj G M, Vj G {S),Wi G S 
such that \j = J^ es^ij^i- Denote c = max^g^^) J2ies l^vl- Then for 
alljG(5), 



|Aj(n)| < \cij\i{n)\ < cmax|Ai(n)|. (3.3) 

i&S 

Assume |Aj(n)| < e, Vz G 5*, then 

|g|G(e-«,e-),VjG(^). (3.4) 

We can write v = X]j6(S') "^i with Vj G Vj. Then ("-.v is in V(^s) and 
its Vj coordinate is Cj'Vj. Hence by (|3.4|), e~'^''|t'| < |C"-w| < e'^^lt'l. 
So C^.x = (".x^ + (".V belongs to where 

D, = {x' + v' -.x' e v' G < e''\v\} (3.5) 

is a finite union of V(5)-discs centered at torsion points. 

Furthermore, let e < If n G Ges, then in addition to (B.4D, 



c+l 



\\/3j{n)\\ < e, Vj G {S). Note by definition \\f3j{n)\\ = AigC where Arg 
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denotes the principal value of complex argument, so 

\g - l| =|e^.(")+iArgg _ i| < 2\Xj{n) + i Argg 
<2(ce + e) = 2(c+l)e, 



(3.6) 



where we used the facts that |Aj(n) + iArg^'"! < (c + l)e < 1 and 
|e^ — 1| < 2|2r| as long as \z\ < 1. Therefore \Cj^-Vj —Vj\ < 2(c+ l)e|wj|, 
Vj G {S). In consequence Vn G Ge.s, 

|C".w < 2(c+ l)e|w|, (3.7) 

and thus (^'^.x G A^^ where 

N, = {x' + v' : x' G G.e*, v' G ^(5), |f' - f | < 2(c + l)e|t;|}. (3.8) 

Because of finiteness of G.x^,, both and A^^^ are closed in X. More- 
over, notice Hoo ~ i-^' + f : x' G G.x^,}, which is finite. 
Therefore, we have actually shown the following lemma: 

Lemma 3.3. Let (, X , I , S, (S) and V/^s) be as in Theorem |77^ and 
X be a V(^s)-'t™''^slated torsion point in X . then for all e > 0.' 

(i) The set is contained in a finite union of Vi^s)- discs cen- 
tered at torsion points; 

(ii) In addition, {^^^^G^^s-x is a finite set ofVi^s)-i™nslated torsion 
points. 

It can be shown that if the conditions in Theorem |1.8| are satisfied, 
then dim V(s) < d. 



Lemma 3.4. In the setting of Theorem L8_, dim V(5) must he a proper 
subspace ofW-' © 

Proof. Suppose the lemma fails, then Vj C V(5), Vj G /, or equivalently, 
{S) = I. So the functional {Aj : i E 1} span L5, which, by assumption 
in Theorem |T]^, is a subspace of dimension at most r — 2 in (M*")*. If 
e^^, • • • , e^ are a basis of Z'', then it is equivalent to say that the rank 
of the matrix 

is at most r — 2. 

Recall Uk is a finitely generated abelian group of rank ri + r2 — 1, 
so we can always extend C to a group embedding of 7/'^~^^^~^ into Uk- 
In other words, if we regard 7/ as a subgroup of l/^+^^-i g^j^^ supple- 
ment ei, ■ ■ ■ , e^ by e^+i, ■ ■ ■ , e^j+rj-i to form a basis of Z''^"'"''^"-^, then 
there are elements C'''+^, ■ ■ ■ , (■'''■i+'-2-i g Uk such that C^, - ■ ■ , ^'''■i+'-2-i 
generate a subgroup of rank ri + r2 — 1, i.e. of finite index, in Uk- 
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Consider the (ri + x (ri + r2 — 1) matrix 

M=(log|a.(C-)|),,,,<,<,,^,,_,. (3.10) 
Since M has M as a (ri + x r sub matrix, 

rank M < rank M + (ri + r2 — 1) — r 

<(r-2) + (ri+r2-l)-r (3.11) 
=ri + r2 - 3. 

However, because t]^'^ , ■ ■ ■ , generate a finite-index subgroup 

of Uk, the Z-span of the rows of M has finite index in { ( log |o"i(^) |) .^^ : 
9 G which is a discrete subgroup of rank ri + r2 — 1 in by 

Dirichlet's Unit Theorem. It follows that rankM = ri + r2 — 1, which 
contradicts (|3.11| ). This completes the proof. □ 



Corollary 3.5. In the setting of Theorem |j.<^ , if x E X is a Vi^s)- 
translated torsion point, then the set ( \1.1I\) is not dense in X . 



Proof. By Lemma O, this set is in a finite union of compact V(5)-discs 
hence so is its closure. Thus the dimension of the closure is strictly less 
than dimX = d hj Lemma (|3.4| ), which implies the corollary. □ 

Theorem 1.10| .(ii) is covered by Lemma p.3| . The rest of the paper 
will be focusing on the proof of Theorem |1.10| .(i). 

3.2. Concentration to a coarse Lyapunov subspace. Before work- 
ing on X, we study first how elements of H^ s act on the linear space 
© = ©,g, Vi. 

We show that H^ s is a good enough approximation to the hyperplane 
Ps in (|2.2|), This uses the ideas already presented in §p.l|. 



Lemma 3.6. For all e > 0, there is a constant C = C{e, H) such that 
V?7 G Ps, 3n G H^ s such that |n — ?7| < C. 

Proof Let be as in (^, then (R*^ x (R/27rZ)^i+''2)/l] ^ r+n+ra^ 
Denote the natural projection by 

p:W X (M/27rZ)''i+'"2 ^ ^ (M/27rZ)^i+''2)/fi. (3.12) 

Take the product Ps x {0} where denotes the trivial vector in 
(R/27rZ)''i+^2_ Then p{Ps x {0}) is a connected subgroup of (R*" x 

{R/2nZY'^~^^^^ /Q and therefore p{Ps x {0}) is a connected closed sub- 
group, which has to be a subtorus containing 0. For any e > 0, 
take an |-dense subset E of p{Ps x {0}) (i.e. V2; G p{Ps x {0}), 
3z' G p{Ps X {0}), \\z - z'W < |). By compactness of p{Ps x {0}), 
we can choose E to be finite. By density of p{Ps x {0}), we may 
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slightly modify E so that it is inside p{Ps x {0}) and is e-dense in 
p{Ps X {0}). Suppose 

E={p{{r]k,0)):k = l,---,m} (3.13) 

where rjk G Ps- Let C = max^^ \r]k\ + e. Then for all i] G Ps, there 
is an r]k such that \\p{{r] - r]k, 0)) || = \\p{{r], 0)) - p{{r]k, 0)) || < e. By 
construction of Q, 3n ^ H such that |?7 — 77^ — n| < e and f3j{n) is 
within distance e from zero modulo 27r for all j G /. 

It follows first that |?7 — n| < |?7a;| + e < C. Hence for all z G 5", by 
construction of Ps, Xiij] — 77^) = and 

|Ai(n)| < IIAill ■ |r/-r/fc-n| < ||A,||e. (3.14) 

Moreover, ||/3j(n)|| < e,Vj G /. Therefore n G i?max(max,6s ||A,||,i)e,5- By 
replacing e with 7 — ,,, , we obtain the lemma. □ 

Now for every i E S, denote by Af G (-P?)* the restriction of the 
Lyapunov functional Aj to P5. First, notice 

Xf = 0^ XiE Pi = Ls e (S), (3.15) 

which was the reason to introduce (S) in Theorem |1.8| . 

By grouping together Af 's that are positively proportional to each 
other, the set of indices / decomposes into a disjoint union of subsets 
of the form 

/[A] = G / : Af G M+A}, (3.16) 

where A G (Ps)*- There is a finite collection A'^ of equivalence classes 
of the form [A] = M+A such that for any [A] G A'^, I[x] is not empty and 

1= □ /[,]. (3.17) 

[A] 6 AS 

Definition 3.7. The coarse Lyapunov subspace associated to [A] G 
A'^ is 

Vw = V,- (3.18) 

For a subset A C A"^, let 

^A=0^[A]- (3.19) 

[A]GA 

By (|3.15|) , the Lyapunov subspace Vjoj corresponding to the constant 
zero map in (Ps)* is exactly the central foliation V^s'). By Lemma |3.4| , 
A'^ contains equivalence classes other than [0]. 
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Proposition 3.8. // A^,, contains a V(^s)-pO'tt^f">T' for some eo, then 
3[A] G A'^\{[0]} such that Ve > eo, there is a sequence {yk}'kLi C 
converging to a V(^s) -translated torsion point y such that yk — y E 
(^(5> © V[A])\V(5) /or all Wk. 

Here again yk — y is viewed as a very short vector in MJ"^ © . 

Proof. Let A be a minimal non-empty subset of A'^\{[0]} verifying the 
following condition: 

(*) Ve > eo, there is a sequence of points {yk}^=i from that con- 
verges to a V(^s) -translated torsion point y, which may depend 
on e, such that yk - y e (%) © Va)\V(^s)- 

The definition of A makes sense since by definition of a V(5)-pattern, 
A'^\{[0]} satisfies condition {-k). To establish the proposition it suffices 
to prove any minimal set A satisfying (★) consists of a single element 
[A]GA^\{[0]}. 

Assume for contradiction that A consists of more than one elements. 

Observe for any two non-zero linear maps Ai,A2 G (-P5)*, if A2 ^ 
]R-i_Ai then there is 77 G such that Ai(?7) > 0, \2{f]) < 0- Thus A 
decomposes as a disjoint union of two non-empty parts A_|_ and A_, 
and there exists 77 G P5 such that 

\{ri) > 0(resp. < 0), V[A] G A+(resp. A_). (3.20) 

Let e' > e > eo, take the sequence {yk}'^=i G and its limit y 
in assumption {-k) with respect to parameter e, such that yk — y E 
(^(5> © Va)\V{s) and 4 = \\yk - y\\ 0. Write as y + + + 
where: 

• and vj^ are respectively vectors from V(5), Va+ and V\_] 

• \v^\, and \v'j^\ are all bounded by Ok, 

• at least one of v'j^ and vj^ is not equal to zero. 

By passing to a sequence of e — > and a subsequence of {yk} for each 
of these e's, we may assume without loss of generality that for all e > eo, 
the sequence {yk}'^=i is chosen in such a way that the corresponding 
does not vanish for any k. 

For each k, consider the map 

Kit)={ E (^"'^''^li^tUrf (3-21) 

from R to M^, where (f^)i is the projection of in Vi. If ? G 
U[A]6A+ then by construction of coarse Lyapunov subspaces and 
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(lOOl) Xi{ri) = Xf{ri) > 0, hence t is strictly increasing for f ^ 7^ 0. Sim- 
ilarly the map ^^(t) = ( EiGU[A]eA_ -f[Ai*^^^"^*''^l*^^fc ^^D^ ' decreasing 
(strictly decreasing if ^ 0) and bl{t) = (Eie(5>(e^'^*''^l(^fc)il)' 



Fix now a positive number 5. For sufficiently large k, 6k < S and 
6+(0) = < ^fc < (5. Hence 3tk > such that = 5. Take 

rifc G H^i_^ s within distance C from t^?] where C = C(e' — e, if) is the 
constant given by Lemma |3]| . 

Consider 

C'-Vk = C'.y + C'.vl + C'.vt + C"^^^,-. (3.22) 

As X is compact, by passing to a subsequence one may assume C"''-^ 
converges as A; — )■ 00. 

Note the length of (^"v^ is ( E.6U[.,eA+ (^"'^"'^1 ^^^^^ 
|Ai(nfc) - Ai(tfc?7)| < ||Ai|||nfc - t^r]] < aC where a = maxjg/ ||Aj||, we 

have the relation e (e-"^ ,6"^). Similarly 4^^, fall 
into the same range. Hence 

IC'.v^l E (e-'^^btih), e'^'^btitk)) = {e-''^5, e'^'^S). (3.23) 
Moreover 

\r.vj:\ < e^^'b-.itk) < e'^^iO) = e^^M < e^^O^, (3.24) 
and similarly 

IC'.vtl < e'^'^blih) = e^'^Kl < e-^^^fc. (3.25) 

Note a, C are independent of 6 and 9k. So since 9k 0, C^'^-^fc 

converge to as A; —t- 00. By Lemma p.3| , the limit of C"*"-?/ is a 
V(5) -translated torsion point zs G Ge'-e,s-y which depends on 6. Again 
as (^''■v'^ is in the ball of fixed radius e"'"(5 inside Va+, it is all right to 
suppose limfe_5.oo C"*"-^^ exists by passing to a subsequence if necessary. 
Denote this limit by ws, then by (|3.23|) , 

ws e Vk+, \w5\ G [e-'^^<5,e'^^<5]. (3.26) 

Take limit of ( p.22|) by summing up the terms, we see that 



Z5 + W5= lim C.yk G H,,_,^s-A, C A,,, (3.27) 



where Lemma 2.8 is used in the last step. 



It was shown in Lemma |3.3| that Ge'-e,5-l/ is inside a finite union 
of compact V(5')-discs centered at torsion points. Take a sequence of 
positive numbers {dh}^^^! decaying to such that the z^^'s are in the 
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same V(5)-disc and converge to some point y' . Then y' belongs to the 
same disc and is thus a V^^) -translated torsion point. As the constant 
aC is independent of 5, — by ( |3.26| ). In consequence, the points 
y'h — + '^Sh converge to y as well. Moreover zs,^ — y' ^ V(^s) and 
wsi, e Va+\ {0}> so the difference y'^-y is in (V(s) © Va+)\V(^s)- 

By ( p. 271 ), y'^ G A^i. So we have proved for any e' > eo, contains 
a sequence and a V(s')-translated point y' satisfying condition 

(*) with respect to the non-empty subset A+ C A; a contradiction to 
the minimality of A. This completes the proof. □ 

The proposition will be used later in the form of the next corollary. 

Corollary 3.9. // contains a V(^s) -pO'ttcrn for some e^, then there 
exists [A] G A'^\{[0]} such that Ve > eo, there is a constant C = 
C(eo, e, H, A) such that for all R > 0, contains a point of the form 
y* + 'i^(s') + where y^ is a torsion point, V(^s) ^ ^(5); "^^ ^ ^[a] (^nd 
\v,^s)\<C,v^[R,CR]. 

Proof. By proposition, there is a class [A] G A"^\{[0]} such that we 
may pick from A tp+t a point of the form y'^ + -|- v' where y'^ is a 

torsion point, v'^g~^ G V(5), v' G V[a] with jfj^^l < Ci{eQ,e,H, A) and 
< \v'\ < R where Ci is a constant independent of R. 

Since A 7^ 0, 3// G P5 such that A(?7) > 0. Similar to ( p.21| ), define 

b{t) = { Yl (^"'^''^li^'hiyf (3-28) 

Then 6(0) = It"]. And since each Aj involved is positively proportional 

to A on Ps, Xi{trf) > 0; so h{t) is strictly increasing. Fix t such that 

h{t) = e'^^'^R, where a = max^g/ ||Ai|| and C2 = C2{^,H) is the 

constant defined in Lemma |3^, according to which 3n G H ^-^q „ C Z'' 

— 2 

within distance C2 from 77. 

Consider the point C"-2/* + C-v[s) + C-v' = C-{yi + fjs) + v') G 
H e-^o 5-^ifl±i C v4e. Obviously C"-y* is of torsion, C"-^'(s) ^ ^(•S'> ^'^'^ 



For any j G (S*), by inequality ( p.4| ) in the proof of Lemma p.3| , 
ICj'l < e 2 where c is a constant depending only on the Aj's. Hence 



\C-v[s,\<e^C^. 
Moreover I C".t;' I = {J2ie[jix]eA' r^. , (e^'^"^ \(v')i\Y)Kso similar to (|3:23|) 

we have G (g-'^'^^'eHA.Cn-ir?)!^ gmax,g, |A.(n-iry)|^ ^ [g-aCa ^ gaCa] _ JhuS 

since b{t) = e'^^^R, IC'.v'l G [R,e^''^^R]. 
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The lemma follows by setting C = max(e 2 Ci,e ^^). □ 

3.3. Existence of arbitrarily long line segments. We aim to prove 
the following: 

Proposition 3.10. //^eo contains a V(^s)-pC'ttcrn then there is a coarse 
Lyapunov subspace V[x], where [A] e A'^\{[0]}, satisfying that for all 
e > eo, there exist a real line L C V[x\ that passes through the origin 
and a point y E X , such that contains y + L = {y + v : v E L} d X . 

To begin with, we remark that to establish the proposition, it suffices 
to show the next lemma. 

Definition 3.11. In a metric space, a subset VL' is a (5-net of another 
subset Q, if for all x eVL, there is x' G Vt' within distance 5 from x. 

Lemma 3.12. // A^^^ contains a V(^s)-pci'ttern then there is a coarse 
Lyapunov subspace V[x\, where [A] G A'^\{[0]}, satisfying: Ve > eo and 
V5, R > 0, there is a line segment E C VJa] of length R through the 
origin and a point y E X such that contains a 5 -net of y + E = 
{y + V : V E E}. 



Proof of the implication Lemma \3.1I\ =^ Proposition \3.1(\ . Fix e > eo 



and any increasing sequence of positive numbers i?^ — )■ 00, by Lemma 
^.12| there is a sequence of pairs {{iik,Wk)}'k=i where yu E X and Wk E 
SV[A] := {w E V[A] : |w| = 1} such that Vp G [—Rk, Rk], there is a point 
X E A^ within distance from yk + pWk- 

Passing to a subsequence if necessary, one may assume yk ^ y E X 
and Wk ^ w E SV|a] since X and SV[x\ are both compact. Let L = 
{pw : p G M}. 

For all p > and 6 > 0, pick a sufficiently large k so that Rk > 
max(|p|, |), \\yk — ?/|| < | and \wk — w\ < 3^. There is a point x E A^ 
within distance from yk + pWk, then 

\\x - {y + pw)\\ 

<\\x- iyk + pWk)\\ + Uyk + pWk) - {y + pw)\\ 

1 , 5 5 , , 5 (3.29) 

Rk 3 3 3|p| 

=S. 

Because A^ is closed, by letting 6 approach we see y + pw E A^ for 
all p G M. This proves Proposition |3.10| . □ 



Before proving Lemma 3.12| , we explore some consequences to the 



rank assumption in Theorem 
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Take the subspace Ls C {W)* spanned by {A^ : i G 5}, whose 
dimension we denote by r^. Then < r — 2 by assumption (1) in 



Theorem |L8|. Choose ii, ■ ■ ■ , ^ "S* such that Aj^, ■ ■ ■ , Aj^ span Ls- 



Let VjA] be the coarse Lyapunov subspace in Proposition |3.8| and 
Corollary |3]^. Notice though {S) may be empty, /[a] is not. Fix an 
arbitrary index Zq G -^[a]- 

Lemma 3.13. For an arbitrarily fixed iq G /[a], Aj^, ■ ■ ■ , Aj^^ and Ajg 
are linearly independent. Moreover, for anyi G (S')U/[a], the Lyapunov 
functional Aj is a linear combination of Xi-^, - ■ ■ , Aj^^ anc? Ajg. 

Proof. The linear independence is clear by the choice of Aj^ , ■ ■ ■ , Aj 



and the fact that zq ^ {S)- For i G (5), the lemma follows from the 
construction of (5) in Theorem |T]^. Suppose i G V|a], by definition 



of coarse Lyapunov subspaces, 3c > such that \i\pg = Af = cA^^ = 
cXig\pg. In other words Aj — cA^o vanishes when restricted to Ps, or 
Ai — cAjQ G = Lg. So Aj — cAjg is in the linear span of Aj^, ■ ■ ■ , Aj^^, 
which completes the proof. □ 

Consider the following group morphism from G = 7/" to the additive 
group Ws+^ © (M/27rZ)''i+''2: 

£(n) = (A,,(n),--- ,A„.^(n),A,„(n)) © (/3,(n))^.^^ (3.30) 

The first observation is C is injective. Actually suppose C{n) = for 
some n. Then both Ajo(n) = log G M and Ao(i^) ^ M/27rZ vanish, 
so Cj" = 1- However Q is an algebraic conjugate to C"- So = 1. But 
because C is a group embedding from into Uk this implies n = 0, 
which shows the injectivity of C. 

In addition, we claim is a non-isolated point in C{H') C M''^"*'^ © 
(M/27rZ)''i"'"^2 for any subgroup H' < G oi finite index. Suppose for 
contradiction that there is a ball i?2e(0) of small radius 26 centered at 
such that i?2e(0) n£(if') = {0}. Then since C{H') is an additive group, 
for all u G W^+^ © (M/27rZ)''i+''2 the ball Beiu) centered at u contains 
at most one element of C{H'). Observe the compact region Bx — 
[-T,T]''s+i © (R/27rZ)'^i+^2 ^ ^r^+i ^ (M/27rZ)''i+''2 can be covered 
by 06i(T^®"'"^) balls of radius 9. However on the other hand, since 
all the Aj's are linear, the image C{\\) is inside -Bt(O) if T > a|n| 
where a = maxjg/ ||Aj||. By pigeonhole principle, there are at most 
Og{T^^~^^) vectors n G of length |n| < ^. But this becomes false 
for sufficiently large T since by assumption (1) in Theorem |L8| , H is 
of rank r > + 2. Hence we obtain a contradiction and proved that 
must be non-isolated. 
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Because C{H') is a subgroup, so is its closure C{H'). The identity 
component £° of the closure is a connected closed subgroup of the 
abelian Lie group M^'^^-'^ © (M/27rZ)^i"'"^2. It is known that such a sub- 
group must be isomorphic to some M'^^ © T'^^ . By non-isolatedness, 
is locally isomorphic to for some q > 1. 

Moreover, any neighborhood of identity in is not contained in 
the closed subgroup {A^^ = 0,^^ = 0} C © (M/27rZ)^i+''2, where 

\ig and refer respectively to the two coordinates corresponding to 
Aj,)(n) and under the map C. This is because otherwise by the 

non-isolatedness of in C{H'), there is some n 7^ with Xi^{ii) = 0, 
/3i(,(n) = 0, which would again imply = 1. In consequence n = 0, 
contradiction. 

Combining these, there must be a real vector A = (Aj^ , ■ ■ ■ , 5 Aj,,)© 
such that at least one of Aj^ and does not vanish, and £° 

contains the projection of the line MA C © into W^+^ © 

(M/27rZ)^'i+'"2. 

Recall if = M then /3j(n) is either or vr from R/27rZ and thus 
CiTU'^ is contained in two disjoint sets = tt} and =0}. As the 
identity component of C,{H'\ must be contained in = 0}. Thus 

4. = if ^ M. (3.31) 

It is all right to suppose 

A^^+/3j = land|A|<C, (3.32) 

where C = C{H') can be made to be dependent only of the group action 
and the subgroup H' because there are only finitely many possible 
choices of [A] and ii, ■ ■ ■ , Vg, "^o- 

Now we give a proof to Lemma |3.12 . 



Proof of Lemma \3.1I\ . Suppose A^^ contains a V(5) -pattern. Fix e > eo 
and i? > 0, (5 > 0. 

Without loss of generality, we may assume 

5 < e-eo < > 1. (3.33) 

Let [A] be given by Corollary 

By Corollary |3.9| , inside A ^p+t there is a point of the form y = + 
— 2 

V{s) +v where y^, is of torsion, V(^s) ^ V{S) is of length no more than Ci, 
and V G Vj^] with 

\v\ e [ , ]. (3.34) 

Here Ci = Ci(eo, e, H,A)>1 and C2 is a constant to be specified later. 
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Since (S) fl I[x] = 0, without causing ambiguity, decompose 

^(s) = v= (3.35) 

ie(5> iei[x] 

where Vi E Vi. 

There is an index ^ -^[a] such that Vi^ has greater length tlian any 
other Vi with i G Then 

|i;.J G [ (3-36) 

as |J[A]| < d where d is the dimension of the torus we work on. 

Choose ii, ■ ■ ■ , G S* such that Aj^, ■ ■ ■ , Aj^^ generate Ls- We may 
apply Lemma p.l3| and make the construction (|3.30| ) . Let 



E' = {^EE: C-y* = y*}, (3.37) 

which has finite index in H, hence in 77' as well. 
By the discussion preceding this proof, there exists 

A = (A,,, ■ ■ ■ , ® e M^^+i © (3.38) 



with + = 1 and |A| < C3, such that C{H') contains the projection 
of the line RA to W^^^ © (M/27rZ)''i+'"2_ Here C3 > 1 depends only on 
if', which is the stabilizer of in if, hence eventually on eo, e, H and 
A. 



By Lemma p.l3| , there is a unique decomposition 

\= Yl Ci,K,yje{S)Ul[x] (3.39) 



i&i,--- ,irq,io 



for some constants Cij G M. W 



Corresponding to (|3.39|) , for each j G (S) U I[x\, set 



which is compatible with the original value of A^ if j G {ii, ■ ■ ■ , irg, io}- 
Notice if j G (S) U i[A] then. 



|Aj| < I 2, I'^ijl ' '^^^ l-^il- (3-41) 
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Therefore, Vj G {S) U I[x], 

<max j I m&x l-^jP + ) 

Ve{n,-,v„^o} / Ve{n,...,v,.o} J (342) 

< max >^ IcjJ ■ lAI 

y «6|«i,--- ,Vs,«o} / 

Here in the second step we used the fact that 



max 



E l^^^l ^ 1' (3-43) 



je{s)ui[x] . . . ^ 

which is true because when j G {io,"^!,-'' )Vs} it is easy to see Cjj 
equals 1 if i = j and vanishes otherwise. 
Denote 

C2 = Ci- max V |ci,|, (3.44) 

then C2 > C3 > 1 and it is determined by eo, e, H and A. Furthermore, 
by the argument above, 

|A,+i4-|<C2,VjG(5)UJ[A]. (3.45) 

Now set 

Notice this definition makes sense because of ( p.31| ). Let E be the hne 
segment {y + pw : p e [-g^cfep. mc^]}- 
We claim that: 



(i) E has length greater than or equal to R; 

(ii) contains a 6-net of E. 



Proof of (i) The length of E is ji^cTc^^^^' 

\w\ > |(Aio + i ■ $io)vio\ = \Xio + i ■ Aol ■ l^iol = kiol- (3-47) 
By O, length of E > ■ = R. 

Proof of (ii) For all p G [~ QdCiC'^R ' GdCiC'^R} ' hope to find in the 
subset 

„.(i/^ + V(s) + v) C G._^ ^.A._2+. C A, (3.48) 
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a point arbitrarily close to y + pw. By the construction of A, V^^ > 0, 
we may choose n & H' such that C{n) is within distance 6 from the 
projection of pX G M''«+^ © W^+'-2 to M^'^+i © {R/27rZY^+''\ There- 
fore Vj G {S) U /[A], ||/3j(n) — pf3j\\ < 9; furthermore it follows from 
(PI) and (iig) that log |g| = A,(n) = E.en,- ..,.o ''^M^) ^i^^in 

distance {maxj^{s)uii^] Eie{n,- ,vs,io} l^^iD ' ^ ^^^"^ /'^i- '^^^^ ^ ^^'^ 
be arbitrarily small, we can choose n to make arbitrarily close to 
gP(Aj+i-/3j) simultaneously for all j G (S) U /[a]. 

In particular, observe n G {H')^-^g C H^-^ g. Actually, for all 

i E S and j G /, because of the way we chose n G if', the Lyapunov 
exponent Ai(n) and the complex argument /3j(n) are respectively arbi- 
trarily close to pXi and p$i. As both |pAi| and \p$j\ are bounded by 



lAI < 



Co < 



< ^ by (PI), 



|A^(n)| < 

that is, n G (if') 
Remark 



i^,VzG5; |/3,(n)|<- 



(3.49) 



J' 



(3.50) 



i6(5> 



by the decomposition of V(^s) and f and the fact that n is in the stablizer 
ii' of y*. 

In consequence since Cj^ is arbitrarily close to e^^^^~^^'^^\ in order to 
prove (ii) it suffices to show both 



,p(Aj+i-/3j) 



and 



are bounded by |. 



(3.51) 



(3.52) 



Remark while |a| < 1, |e° — 1| < 2\a\ and |e" — 1 — a| < By 

GdCiC'iR ^3 ^ GdCiC'^R ^2 6dCiC2-R — 



|p(A,+i-/3,)| < 
we have 



|gP(A,+i./3,) _ ^1 <2|p(Aj+i-4-)l < 



3dCiC2R 



(3.53) 
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and 



^p(Aj+i-/3j) 

Thus by (CT) , (H) and 
(F5TD 



5 



6dCiC2R' 



(3.54) 



3C1C2R 3 



< 



5 



3dCiC2R 



Hs)\ 



(3.55) 



and 



(Pi 



< 



s 



,P{Aj+i-/3j) 



l-p(A, + i-4))t;, 



;)^-|-l<( 



6 



5 



6dCiC2R' 



(3.56) 



'6dCiC2R' 
_S_ 
~12' 

This completes the proof (ii), as well as that of the lemma. 



□ 



So eventually Proposition p.lO| is established by the argument fol- 
lowing Lemma |3.12| . 



3.4. Density of lines in the torus. Proposition pTTUI reduces Propo- 
sition p.2| to the following claim: 



Proposition 3.14. Let L be a line through the origin inside ©C^. 
Then Ve, 5 > 0, 3n G H^ s such that tt{("-.L) is S-dense in X , where 
71 : MJ"^ © X is the natural projection. 

By "5-dense" we mean 7r((^".L) is a 6-net of the ambient space X. 
In order to prove Proposition p.l4| . We are going to make use of the 



total irreducibility assumption from Theorem |L8. 

Recall d = Ti + 2r2 and o"i ■ ■ ■ , 0"^! are real embeddings of K while 
(Jri+i, ■ ■ ■ , CTrf are the complex ones where (Tn+r-a+j = ^vT+j- 

Lemma 3.15. Suppose {a" : n G G^ s} contains a totally irreducible 
toral automorphism for all e > as assumed in Theorem ll.dj . Let 
io, ii, - ■ ■ ,im be distinct elements from {1, ■ ■ ■ ,d}. Suppose m > 1 and 
let : Z'' H- (C^)"* be the group morphism 
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Then the image "^{H^ s) has infinite size for all e > 0. 

Proof. Suppose for contradiction that "^{H^ s) has finite size for some 
e. Let q be the index oi H m G = 17 . By assumption, there exists 
n G Q such that a'^" is irreducible for all k ^ 0. 

Nq '■^ ' 

By pigeonhole principle, there are two distinct k, k' E {0,1, ■ ■ ■ , q} 
such that kn, k'n belong to the same coset of H. Then {k — k')n is in 
both H and G^ q, hence in H±. q. 

Then h{k-k')n G H,^s, V/i G {0, 1, ■ ■ ■ , A^}. As \'^{H,,s) \ = N, there 
are h ^ h' in {0, 1, ■ ■ ■ , A^} such that - k')\i) = ij[h'{k - k')n). 

So {h - h'){k - k')n e H and - h'){k - k')Y\) = (1, 1, ■ ■ ■ , 1), 

which in particular implies 

y-{h-h'){k-~k')n Jh-h'){k-k')n /q r-o^ 

Recall Cj-f "'^ ){k-k )n Ci^~^^ )(k-k )n respectively algebraic con- 
jugates of i^ii^-^')ik-k')n i^-y ^.^ g^j^^ ^^^^ -j-^Q different embeddings of 
the number field K. ( ^.581 ) actually shows (^(''~'' )" belongs to 
some proper subfield of K. Thus by Remark |1.3| , a" is not a to- 
tally irreducible toral automorphism on T'^ because deg/ < d and 
{h — h'){k — k') 7^ 0, which contradicts our assumption. The proof is 
completed. □ 

The dual group X of X = © C^/F consists of all real linear 
functionals ^ : © t— )■ M such that ,^(r) C Z and the character 
i:X^ M/Z is defined by i{Ti{v)) = {i{v) mod Z),^v G M"^ © C"2. 

As a linear functional, ^ may be expressed as 

= ^ii^i + (^a^i + ^i+r2^), (3.59) 

where x = (xi, • ■ ■ ,Xri+r2) with Xi, ■ ■ ■ , G M, x^^+i, • ■ ■ ,Xj.^+r2 G C. 
In order that ^ takes real values, Ci, ■ ■ ■ G and .^j+ra = for 
i = n + 1, ■ ■ ■ ,ri + r2. 

Lemma 3.16. If ^ ^ then ii ^ 0, Vz = 1, ■ ■ ■ , d. 

Proof. Suppose = for some i. \i i < ri then Vi = M and by 
(|3.59|) , ^\vi = 0. Suppose i > ri, then = as well, and therefore, 
since ii+r2 = we may assume vi + 1 < i < ri + r2. So in this 
case once again we have Cly^ = by ( |3.59| ). Because ^ is non-trivial, 
= {x E X : ^{x) = 0} is a proper closed subgroup of X. Since 
^\vi = 0, C"*" contains TriVi); so vr(yj) is a proper closed subgroup in X 
as well. However, for n G Z^, the multiplicative action by preserves 
Vi C M''^ ©C^, hence also preserves vr(Vi) and vr(Vi). Therefore 7r(Vi) C 
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X is a proper connected closed subgroup invariant under the Z''-action 
r\ X, which is conjugate to the Z''-action a on T'^. Thus a admits a 
proper connected invariant closed subgroup in T'', which is necessarily 
a subtorus. This violates the assumption that a contains irreducible 
toral automorphisms. Hence 7^ 0, Vi = 1, ■ ■ ■ , (i. □ 

We borrow our next lemma from Berend's original proof. 

Lemma 3.17. [ |Ber83| , Lemma 4.7] Let X be a compact abelian metric 
group and X its Pontryagin dual. Suppose {Xk}'^^i is a sequence of 
proper closed subgroups in X satisfying: V.^ G X\{0}, ^ for 
sufficiently large k. Then for any 5 > X^ is 6-dense for sufficiently 
large k. 

Now we are ready to show Proposition p.l4| . 



Proof of Proposition \3. 14[ Denote the line L by Mv for some vector 



V = {xi)i^i where Xj G M or C according to whether i < ri 01 not. 
Denote a;ri+r2+j = a^n+j for 1 < j < r2 and 

lL = {i--l<i<d, X, ^ 0}, (3.60) 
then II is not empty. Write II = {^o; " " " ,im}- Then V.^ G X\{0}, 



Case 1. If m = then take n = G H^ s- Note vr(L) C X is a 
closed subgroup of X. For all C, G X\{0}, we have ^{v) = ^i^Xi^ 7^ 
thanks to Lemma |3.16| , so C,{'n'{av)) = {a^{v) mod Z) 7^ for almost 



every a G M. Hence as 7r{av) G 7r(L), 7r(L) ^ ^-^ for all non-trivial ^. 
Therefore 7r(L) = X. 

Case 2. If m > 1 then by applying Lemma |3.15| we obtain a sequence 



{rifc}^]^ C H^ s such that the \l/(nfc)'s are all distinct where \1/ is the 
group morphism in ( ^.57] ). 

Now fix ,^ G X\{0} and consider ^(C"''-'^) = Ylh^=o^ihCi'h^ih- Here 
^ih^ih 7^ 0, V/j- by Lemma |3.16| and the choices of zq, ■ ■ ■ ,v- If ^(C"''-'^^) = 
then 

^io^io + y~l'Cife^»;i7H^ = 0- (3.61) 

h=l 

An; 

lUp 

rank in (C^)"*. It follows from the estimate |[ESS02 , Theorem 1.1] 



(|3.61|) is a linear equation in the variable \l/(nfc) = 
(C^)"*. Since \1/ is a group morphism \1/(Z'') is a subgroup of finite 



^io / h=l 



by Evertse, Schlikewei and Schmidt of number of solutions to unit 
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equations in a multiplicative group , that there are only finitely many 
solutions to (|33l| ) in ^(Z^). 

Because all the \l/(nfc)'s are different, when k is sufficiently large 
(imi) fails, i.e. ^(C"^w) ^ 0. 

Therefore when k is large enough, for almost all a G M the expression 
^(7r(aC"'=.^^)) = [aC.iC'.v) mod M/Z) doesn't vanish. As a7r(C"'=.w) e 

((■"'^.L). The closed subgroup 7r((^"'=.L) C X is not contained in 



TT 



^ . Since ^ is an arbitrary non-trivial character. Lemma p.l7| claims 
V5 > 0, 7r((^"fe.L) is (5-dense in X when A; is large enough, and thus so 
is TT L) itself. Proposition |3.14| is proved. □ 



Finally we are ready to give the proof of Proposition 



Proof of Proposition \3.^ . If contains a V(^s) pattern for some eg < e, 
then by Proposition |3.10| A^a+i contains y + L where y ^ X, and L is 

2 

a line in © C^. Take n G H e-ep ^ such that 7r(C".L) is 5-dense in 

X. Then C"-(l/ + -^); which is the translate of 7r{(".L) by C^.y G X, is 
5-dense as well; and therefore so is because D H e-ep „./1eq+£ D 

2 '■^ 2 

(".{y + L). A^ is actually dense in X because 6 can be arbitrarily small. 
So A^ = X by closedness. □ 



4. Proof of the main results 

4.1. Characterization of minimal (G, S')-invariant sets. In order 
to be able to use what was showed in the previous section, we hope to 
show every {G, 5')-invariant set contains a V^g) -translated torsion point. 

We need two lemmas to establish this fact. The first one is quite 
simple and the second one relies on Proposition ^.11 . 

Lemma 4.1. Suppose m, n G Z'' are not equal, 

(i) If X E X satisfies C^"^.x = C^.x, then x is a torsion point; 

(a) If Q^.x = C^.x + V where v G V(5), then x is a V(^s) -ti^o.iT'Slcited 

torsion point; 

Proof (i) Write x = n{x) where x G M''^ © Then ("".x - C".£ G P. 
Recall m i— )■ ("^ is a group embedding of Z'^' into the group of units 
Uk. So if m ^ n then ^ C" and we have (C"" - C")"^ e K. So 
X G (C" — C")^-r where the multiplication is given by ( |1.2| ). Recall 
W ® C'' = K ^qR via the map a given in (|T]T|), and P C a{K) 
is a full-rank sublattice of © C^^ Thus x G (C™ - Cy\a{K) = 
(^((C" - C")"^-^) = <^{K) where we used {^). Because P has full 
rank, its Q-span is <j{K) and contains x. Therefore there is an integer 
q such that gx G P. So gx = in X = {W^ © C^^)/T. 
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(ii) Let x' = X + (C™ - C")~^-^^ e X then C"".x' = C^.x'. By (i), x' is 
of torsion. Moreover {("^ — (^)~^.v G V/^s)- Thus x is a V(5)-translated 
torsion point. □ 

Lemma 4.2. There doesn't exist a pair of minimal {G, S) -invariant 
closed sets M, M' such that M + M' = X . 



Proof. Assume there is such a pair of sets. By Lemma 2.10 we may 



write M = f]^^oG,^s-x C X and M' = f]^^^G,,s-x' C X. 

Fix a prime number p. Define a sequence of congruence subgroups 

G(^) = {n G : C"7 = 7(mod /L), V7 G T} (4.1) 

for all / > 0. Then G = G^"' > G^^^ > G^^) > . . . . 

Furthermore, G^^^ is of finite index in G for all V/ > 0. To see this, 
observe the multiplication by any preserves p-^T since it preserves 
r. Thus the multiplicative action ( induces a Z^-action on the finite 
abelian group T/p^T, in other words, a group morphism from G = JT 
to Aut(r/j»-^r). G^-^-* is just the kernel of this morphism, which has 
finite index as | Aut(r/j»-^r) | < 00. 

Claim. There exists a decreasing sequence of non-empty closed sets 
M = M(°) D M(i) D M(2) D ■ ■ ■ , such that V/ > 0, M^-^) is a minimal 
{G^f\ S) -invariant closed set and M^^^ + M' = X . 

We prove the claim by induction. When / = the claim is part of 
the condition in the lemma. Suppose there is already a finite sequence 
M = M(°) D M(i) D ■ ■ ■ D M(^) satisfying the claim, we want to 
construct M^^+i) C M^f\ 

As G*--^"*"^^ is of finite index in G^-^\ Proposition p.ll| applies and 



produces a finite collection of minimal {G^-^~^^\ S')-invariant closed sets 
m[^^^\--- ,mJ/^^^ C M'^f\ whose union is M^^K Applying Propo- 
sition I2ITI to G and G^f+^^ we can also find another finite collection 



of minimal {G^f+^\ ^)-invariant closed sets (M')S^^^\ ■ ■ ■ , (M')Si,^^^ C 
M' whose union is M'. It is already known that M^^'^ + M' = X. 
Hence lJn=i,...,Ar {Mn~^^^ + {M')lf,'^^^) = X. In consequence, because 

n'=l,- ,N' 

all the {Mn'^^'' + {M')lf,'^^^ys are closed there exists a pair {n,n') 
such that My+^^ + (M')i{^^^ has non-empty interior. In particular, 
Mn'^^^ + (M')^{~'"^'' contains a torsion point and an open neighborhood 
of it. 

Therefore Mn^^"^ + [M')^^,'^^^ contains a V(5)-pattern. By Lemma 
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for some z' G X. Therefore A = Mn~^^^ + {M')[^,~^^'^ verifies condition 
Q for H = G^^+i). By Proposition ^ M^^^^ + (M')i{^^^ = X. In 
particular, M^"^^^ + M' = X as (M')J^{"^^^ C M'. The inductive step is 
proved by setting M*^-^"'"^-' = Mn~^^\ this verifies the claim. 

We fix a point x^o in the limit set fl/Lo ^'^'^^ ; which is non-empty by 
compactness of X. 

For any given / G N take a point ?/ G X of the form 

y = 7r(y), where y G |)~^r C M*"^ © (4.2) 

Then p-^y = in X and y is a torsion point. By the claim, y = u + u' 
where u G M^f\ v! G M' . Since M'^^^ is minimal and contains x^vd, 



2^00 £ ne>o s-"" by Lemma |2.10| . According to Remark there 

.{/) 



is a sequence {n^}^]^ such that G ^, where lim^^oo Cfc = 0, and 



lim (""-M = Xoo. (4.3) 

fc— >oo 

Suppose y = p^^j with 7 G F, then C"'°-y = V^^C^l- Since n G 

G^-^-*, C"-7 = 7(mod P'^F), therefore C"'''-^ = P~^l = y(mod F) and the 
projection y = nijj) satisfies 

C''-y = y- (4.4) 

Take the difference between ( [4.3| ) and ( [4.4| ), we obtain: 

lim = Xoo- (4.5) 



As rifc G \5 with — )■ 0, it follows from Remark p.6| that ?/ 



Xoo belongs to f]^^Q (G'(-^))e,5.u'. As M' is (G, S')-invariant, it is also 
(G'^-'^^ S')-invariant; so ^^-^Q{G^f^)^^s-u' C M' by definition. Thus y — 



Xoo G M' for all points y of the form ( [4.21 ). However when / tends to 
00, because p~^V becomes dense in ©C^'^, points y of the form 
become dense in X, and so do the {y — Xoo)'s since x^o is fixed. Hence 
M' is dense and as a closed set it must be X. This contradicts the 
minimality of M' as a (G, S')-invariant closed set because X contains 
proper (G, S')-invariant closed subsets. The proof is completed. □ 

Proposition 4.3. Suppose M G X is a minimal {G, S) -invariant 
closed set. Then M contains a V(^s) -translated torsion point. 



Remark that together with Lemma 2.10, the proposition implies 



M = f]^yQG^s-x where x is a V(5) -translated torsion point. As a 
result, M is finite by Lemma p.3|. 
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Proof of Proposition [^.^ By Lemma M = Hoo ^e,s-x for some 



X E X. We distinguish between three cases. 

Case 1. If 3e > such that G^^s-x is finite then a; is a torsion 
point. Actually, because it follows from Lemma |3.6| that G^^s is iii- 
finite, C™^.x = (^.x for some pair m 7^ n from Ge,s- By Lemma |4.1| , x 
is of torsion so we are done. 

Case 2. Suppose 3e > such that G^^s-^ is infinite but for any coverg- 
ing sequence {yk}'kLi C G^^s-^, whose limit we denote by y, yk—y G V/^s) 
for sufficiently large k. (Here as in Definition |3]l|, — ?/ is regarded as 
a very short vector in R''^ © C"^ when y^ is sufficiently close to y and 
yk — y ^ ^ k ^ 00.) In this case we claim x is a V(5')-translated 
torsion point. 

In fact since G^^s-x is infinite and X is compact, there is always 
such a coverging sequence {yk}'kLi inside G^^s-^ where the y^'s are 
all distinct. By assumption for very large k, yk — y G V(5) where 
y = limfc^ooZ/fc £ G^^s-X- Thus for fc, k' both sufficiently large , 
yk = yk' + V for some v G V(5'). Since yk = C"*-^ and yk = C^''' .x 
for some n^, n^/ e G^^s, a; is a V(s')-translated torsion point by Lemma 



4.1 



Case 3. If neither Case 1 nor Case 2 holds, then for all given e > 0, 



Ge,s-x is infinite and moreover there is a sequence {ykjkLi C G^^s-x 
coverging to some y G G^^s-x such that yk — y ^ V(5), V/c. 

The opposite operator x t— )■ — x on X commutes with the Z^-action. 
Therefore as M is a minimal {G, S')-invariant closed set, so is —M = 



{-y ■.yeM} = n,>o G,^s-{-x). By Lemmas ^ and lOj A = M - M 



is (G, S')-invariant and is equal to ne>o " G^^s-^) ■ 

Let = Ge,s-x — Ge,s-X- Remark for {yk}'^=i and y above, 7i{yk — 
y) G for all k. The earlier characterization of {yk}kLi and y actually 
says A^ contains a V(5)-pattern at 0. It follows from Proposition |3.2| 
that A^= X for all e > and therefore M -M = n,>o A= X] which 
contradicts Lemma |4.2|. So Case 3 cannot happen. This concludes the 



proof of Proposition 4.3, □ 



4.2. Proof of the main theorems. 



Proof of Theorem \1.1(\ . Theorem |LlCI| .(i) is already covered by Lemma 



!3|, so we only need to prove part (ii), i.e. for any x G X which is not 
a V(5')-translated torsion point, the set A^ = G^^^s-x is equal to X for 
all e. 



36 



ZHIREN WANG 



Let A = ne>o ^e,s-x, which is (G, S')-invariant by Lemma It 
contains a minimal (G, S')-invariant set by Lemma \i.9[ thus contains a 
V(5)-translated torsion point y by Proposition 



Fix an arbitrary e > 0, we claim that contains a V(5)-pattern near 
the given point y; i.e. a sequence {yfcjfcli converging to y, such that 
?/fc — 1/ ^ V(5). In fact, suppose not, then there are only two possibilities: 

Case 1. y G G^^s-^- Hence x G G^^s-U because it is clear that 
n G GiL^s if only if — n G 5. Therefore by Lemma p.3| , X IS cL 
V(5) -translated torsion point itself; contradiction. 

Case 2. y ^ G^^s-X-, in other words y is an accumulation point of 
G^^s-x. Since V(5)-pattern is not allowed by assumption, there must be 
a convergent sequence {yk\^=i C Gi^^.x whose limit is such that is 
in the V(5)-foliation through y for sufficiently large k (or equivalently, 
for all k by choosing a subsequence). Hence the point yk itself is a 
V(5) -translated torsion point because y is. But G Gi^^.x. Again 
by Lemma x G G^^s-Uk is a V(5) -translated torsion point and this 
contradicts the assumption on x. 

Therefore the claim that Al contains a V(5\-pattern is verified. But 



then it follows from Proposition |3.2| that A^ = X. This establishes 
Theorem |L10| . □ 



Proof of Theorem |i.<^ . As via the transformation ip, the actions a : 
U' r\ T'^ and : rx X are equivalent, it suffices to prove the part 
concerning X in Theorem L8 and the analogous claim about T*^ would 
follow. 



If X G X is a V( 5) -translated torsion point, then by Lemma p.5| , the 
set ( p. . 1 1| ) is not dense. 

On the other hand, if x is not a V(5) -translated torsion point, then 



by Theorem |L10| , G^^s-x = X. Because the set (|1 . 1 1| ) contains G^^s-^ 



it is also dense in X, which completes the proof. □ 
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